Revisiting the One-Dimensional Elastic Collision of Rigid Bodies on a Frictionless Surface Using Singularity Functions
Introduction Physics and engineering students are taught to formulate the one-dimensional elastic collision problem involving rigid bodies using the well-established energy and momentum formulas. However, the authors note that it is equally instructive to reformulate this problem by full usage of singularity functions involving impulse and step functions which yields the solution in a more elegant and direct way. It is the authors' intent to present this approach which they believe is not entirely addressed in the literature. The authors find this technique very educational and interesting particularly in terms of familiarizing the students with singularity functions and their applications. The authors believe that this approach would be very useful in formulating different types of elastic collision problems including multi-dimensional collisions.
To demonstrate this method, the authors consider the well-known one-dimensional elastic collision problem between two rigid objects having masses m 1 and m 2 moving with constant initial velocities V 1i and V 2i on a frictionless surface. The goal is to determine the velocity of each object after the collision occurs. At the time of the collision, each object experiences an "impulsive" force which lasts for an infinitesimal amount of time but with sufficiently large magnitude to allow swift transfer of finite amount of linear momentum between the two bodies. This momentum exchange results in an abrupt "step" in the velocity of each object. The impulsive force acting on each object is mathematically represented in terms of the well-known Dirac delta function (or the impulse function). The abrupt change in the velocity of each object is expressed in terms of the equally well-known Heaviside unit-step function. By applying the conservation of momentum and conservation of energy principles, and by incorporating a special singularity integral, the authors derive the well-known expressions for the final velocities of the two objects.
Example: One-Dimensional Elastic Collision between Two Rigid Bodies
Consider the two rigid bodies with masses m 1 and m 2 moving in the x direction with constant initial velocities V 1i and V 2i on a flat surface assumed to be frictionless as shown in Figure 1 . Note that for collision to occur between these two bodies, V 1i > V 2i condition must hold. Assuming this condition applies, these two rigid bodies undergo an elastic collision at time 0 when the velocities of the two bodies abruptly change from V 1i and V 2i to V 1f and V 2f , respectively where V 1f and V 2f represent the constant final velocities of the two bodies after collision also as shown in Figure 1 . Based on this, the velocities of the two rigid bodies can each be represented in terms of Heaviside unit-step function u(t) as follows:
Next, using Newton's second law, the impulsive force acting on each body at the time of the collision can be found as follows 1 :
Note that is the Dirac delta function which is the derivative of the Heaviside unit-step function and therefore these two singularity functions are intimately related as 2 ⁄
Next, based on conservation of momentum principle, we can write:
where and represent the momentum of each body. Therefore, equating the total momentum just before the collision at 0 to the total momentum just after the collision at 0 by incorporating the step function velocity expressions given by Equations (1a) and (1b) yields
And, therefore, from Equation (5), we obtain the well-known conservation of momentum equation given by
Furthermore, we apply the conservation of energy principle which states:
where and represent the kinetic energy of each body. Again, using the step function velocity expressions provided in Equations (1a) and (1b), the total kinetic energy of the system just before the collision at 0 is given by:
By incorporating a special singularity integral 1, 3-5 (a simple derivation of which is provided in the Appendix) given by (9) which is fully based on the intimate relationship 2 established by Equation (3), the kinetic energy of each rigid body just after the collision at 0 can be calculated by integrating the instantaneous mechanical power, , as follows:
